Abstract Analysis of the electromagneto-mechanical coupling effect contributes greatly to the high accuracy estimation of the EM load of many EM devices, such as a tokamak structure during plasma disruption. This paper presents a method for the numerical analysis of the electromagnetomechanical coupling effect on the basis of Maxwell's equations in the Lagrangian description and staggered load transfer scheme, which can treat the coupled behaviors of magnetic damping and magnetic stiffness effects at the same time. Codes were developed based on the ANSYS development platform and were applied to solve two typical numerical examples: the TEAM Problem 16 and dynamic behavior analysis of a shallow arch under electromagnetic force. The good consistency of numerical results and experimental data demonstrates the validity and accuracy of the proposed method and the related numerical codes.
Introduction
Many electro-magnetic (EM) devices are typically operated within a complex electromagnetic environment of vast magnetic fields and huge electric currents. The high accuracy assessment of EM load contributes significantly to their sound design and safety maintenance. Especially for tokamak type fusion reactor structures during plasma disruption (PD) or a vertical displacement event (VDE) [1−4] , EM load is very large; thus, assessment of EM load plays an important role in strength design and verification of tokamak structures. The electromagnetic coupling between plasma and deformation, or the so called electromagneto-mechanical coupling effect, is a key issue in the accurate evaluation of EM load [5, 6] . During PD and VDE, huge induced eddy currents in the plasma facing structures and vast confinement magnetic fields of the poloidal field (PF) and the toroidal field (TF) magnets can generate strong EM loads on the vacuum vessel and the in-vessel components, which may cause large deformation and stresses. In addition, a moving conductive component may intercept the external magnetic flux and generate additional EM loads. In short, time-varying EM fields cause structures to deform and vibrate, while the deformation and vibration in turn affect the EM environment. This typical coupling effect will significantly influence the dynamic behavior of a tokamak structure.
Much attention has been devoted to the electromagneto-mechanical coupling effect, including the magnetic damping effect and the magnetic stiffness effect. Regarding the magnetic damping effect, Turner and Morisue [7] studied the dynamic response of a cantilever beam under uniform transient field, so called TEAM Problem 12; Takagi et al. [8] investigated magnetic damping in torsional mode (TEAM Problem 16); researchers [9] also developed an FEM code for the magnetic damping effect based on the reduced vector potential (Ar) method and the step-by-step integration algorithm. A summary of the results related to TEAM Problem 16 obtained by several researchers using different numerical analysis methods is given in Ref. [10] . However, conventional methods have some drawbacks for EM system simulation, such as possible numerical instability [11] and asymmetry of finite element coefficient matrix. These drawbacks are partially due to the velocity term explicitly contained in the governing equations of eddy current distribution. An integral method based on the Lagrangian coordinate system [12, 13] might be a solution to eradicate the explicit velocity term in the governing equations, but could meet difficulties for complicated structures. For the magnetic stiffness effect, K. Demachi et al. [14] developed a method based on a magnetic stiffness matrix and eigen frequency determination for numerical analysis of magnetoelastic buckling of a shallow arch; we proposed a simplified method [15] for calculating the magnetic stiffness matrix and determining critical condition of instability. However, calculation of magnetic stiffness in practice is not an easy task. It is even more complicated for coding and numerical analysis when both magnetic damping effect and magnetic stiffness effect are taken into account. To tackle these problems and to improve numerical accuracy, more work needs to be done. This paper presents a Lagrangian approach to deal with the eddy current problem for deformable bodies and electro-magneto-mechanical coupling, which does have the explicit velocity term in the governing equations. Two examples are solved with the developed numerical method to verify its validity and efficiency.
Numerical analysis method
2.1 Eddy current analysis for deformable bodies
Governing equations in Eulerian description
To deal with the coupling effect, eddy current induced by moving and deformable bodies for electromagnetic simulation has to be taken into account. For conventional methods, a velocity term is typically introduced in the electromagnetic constitutive equations. It reflects the interaction between electromagnetic fields and structural motions, i.e.,
where J, J e , J v are the total current density vector, the induced eddy current density vector and the velocity current density vector, respectively; E, B are the electric field and the magnetic flux density, respectively; σ is the electric conductivity. The governing equations of eddy current distribution and the divergence free property of current density can be written as
where μ, γ are the magnetic permeability and electric conductivity respectively; J s is the electric source current. A is the magnetic vector potential; ϕ is the electric scalar potential. They are related to the magnetic flux density B and the electric field intensity as
Eq. (2) is the governing equation of EM field, including the motional electromotive force v × B. The velocity term v × B reflects the influence of medium motion, deformation and moving boundaries on EM field.
The use of Eulerian description makes the appearance of the explicit velocity term in Eqs. (2) and (3) inevitable. In Eulerian description, attention is given to what occurs at a fixed point in space. In other words, the spectator can observe the motion and deformation of bodies in the Eulerian point of view. The explicit velocity term demonstrates the changes of fields associated with such motion and deformation.
However, this velocity term not only imposes a burden on equation discretization, but may also cause numerical instability, especially at a high Peclet number [16] . In addressing eddy current problems of rigid body motion, researchers propose methods to get rid of the velocity term by using moving coordinates [16−18] . This idea of changing the frame of reference is also useful for eddy current analyses of deformable bodies.
Transformation of governing equations
When the spectator is attached to the considered body with attention paid to individual particles as they move through space, the position and physical properties of the particles are described in terms of the material coordinates, so called in Lagrangian description.
In Lagrangian description, physical properties of the particles are regarded as functions of the designation of X of the matter point and the time t; the rate of change of A can be written aṡ
The rate of change of A in Eulerian description, i.e. the material derivative of A, is equal to the sum of the local rate of change and the convective rate of change of A, as a consequence of the chain rule:
Transformation of equations from Eulerian description to Lagrangian description brings benefits, since the convective rate of change disappears in Lagrangian description. Also note that the velocity term v ×B can be rewritten as
where
is a gradient operator with respect to velocity. With the help of Eqs. (7) and (8), we find that Eqs. (2) and (3) can be rewritten as
Although the convective rate of change of A is successfully eliminated in Eqs. (9) and (10), the remaining velocity related term ∇ v (v · A) causes new difficulties. Fortunately, using edge elements instead of nodal elements for equation discretization can solve this problem. As Kurz [16] indicated, edge elements are discrete representations of 1-forms [19] , so that deformation of the mesh automatically and correctly takes into account the motional electromotive force. This statement can be illustrated as follows [20] . As shown in Eq. (11), the term of ∇ v (v · A) disappears with discretizing by edge shape functions.
Finite element formulation
Based on edge element and conventional A − ϕ formulation, the governing equations of eddy currents can be discretized by the Galerkin method as follows:
where N j is the shape function of the nodal-based element and is used to approximate the electric scalar potential, i.e. φ = i N i φ i and φ i is the nodal value of φ at node i. Note that the Galerkin Eq. (13) make use of the boundary conditions on the vector and scalar potentials in Lagrangian description:
where Γ c is the Lagrangian boundary of the eddy current region. FE equations and coefficient matrices can be further derived from Eqs. (12) and (13), as shown below
where eddy current carrying conductors
As indicated above, the materials derivate in Eqs. (12) and (13) can be written as the partial derivate when all variables are regarded as the function of X and t, i.e. transferred from Eulerian description to Lagrangian description. The transferred equations can be termed as Updated Lagrangian Formulation, a commonly used terminology in the finite element method for solid mechanics [21] . This transformation makes Eqs. (12) and (13) exactly identical with the governing equations for static bodies, so do FE equations and coefficient matrices. Such identity also lies in finite element coding. Thus, codes for the eddy current problem of static bodies are also useful for problems of deformable bodies based on Lagrangian formulation after little revision.
With variables in the Lagrangian description, Lagrangian meshes or so called co-moving meshes should be used in the implementation of FE equations. [21] . In Lagrangian meshes, the mesh points remain coincident with the material points and the elements deform with the material. Correspondingly, FE coefficient matrices should be regenerated as the elements deform with the material. In practice, the motional electromotive force. can be calculated by Lagrangian meshes and coefficient matrices regenerating at each time step for eddy current analysis.
Treatment of electromagnetomechanical coupling
Load transfer and staggered (sequential) methods are commonly used to accomplish the coupling of EM fields, deformation etc [9] . Usually, the coupling methods involve two or more analyses, each belonging to a different field. In this work, we only consider the coupling between EM fields and structural deformation, and couple the two fields by applying results from one analysis as loads of another.
For electromagneto-mechanical coupling, we first establish an electromagnetic model and a mechanical model separately using different FEM mesh, types of element and coefficient matrices. The time is partitioned into several minute time steps. At each time step, electromagnetic fields and dynamic response of the structure are computed sequentially and coupling is established through load transfers: after solution of electromagnetic fields, EM loads are calculated and transferred to the mechanical model as loads; data of structural displacement are then transferred to the EM model as loads after solution of structural dynamic response. At the end of each time step, load transfer should also be used to initiate the next time step.
For conventional methods, electromagnetic field computation requires the velocity of the structure as excitations from structural computation, whereas for our method, the velocity induced eddy current can be automatically taken into account through EM mesh updating and FEM coefficient matrices regenerating based on the structural deformation. The detailed procedure can be elaborated as follows:
Step 1: Establish an EM FEM model and a mechanical FEM model;
Step 2: Input EM model and generate FE coefficient matrix;
Step 3: Solution of electromagnetic fields;
Step 4: Input mechanical model and apply EM loads;
Step 5: Solution of structural dynamic response;
Step 6: Morph EM mesh to conform to structural deformation;
Step 7: Iterate from Step 2 until the time threshold is met.
This procedure is similar to the conventional staggered methods. The difference between them lies in
Step 2 and Step 6. In this procedure, the magnetic damping effect is taken into account through eddy current analysis of deformable bodies; the magnetic stiffness effect is taken into account through EM mesh morphing.
Coding based on ANSYS development platform
The commercial finite element code ANSYS provides electromagnetic field computation module Emag based on the conventional A -φ formulation as well as sophisticated mechanical computation module that can deal with large deformation, nonlinear materials etc. In addition, it also offers so called "mesh morphing" commands used to adjust the finite element mesh in the non-structural regions to coincide with the deflections of the structural regions. Mesh morphing commands meet our requirement of Lagrangian coding. In addition, ANSYS Parametric Design Language (APDL) can be easily used to manipulate the flow of program and data. For these reasons, we chose ANSYS as the coding platform of our method.
The developed codes were written with APDL commands. The Electromagnetic element SOLID236 is adopted to build the EM model while the structural element SOLID95 is used to build the mechanical model. The flowchart of our codes is shown in Fig. 1 . 
TEAM Problem 16
The first example is the TEAM Problem 16, a benchmark problem for magnetic damping in torsional mode, as shown in Fig. 2 . A copper plate is clamped at one end with a 27-turn exciting coil placed above it. Length, clamped length, width and thickness of the plate are 115 mm, 10 mm, 40 mm and 0.3 mm respectively. The material constants of the plate are listed in Table 1 . A crossed time-varying field is produced by the coil with the current I = 800(exp(−500t) − exp(−6000t)) A, as shown in Fig. 3 . The height, outer and inner diameters of this coil are 24.2 mm, 22 mm and 20 mm, respectively. An external steady field B y along the y-axis is produced by a magnet. The numerical results of the dynamic response at point A (108 mm, 7.5 mm) and point B (108 mm, −7.5 mm) are compared with experiment data and the numerical results of conventional method [9, 10] . The numerical model for electromagnetic computation is shown in Fig. 4 with mesh division for the copper plate. An external field B y is generated by a pair of Helmholtz coils in this model. The 20-node electromagnetic edge element SOLID236 is adopted. The mechanical model is modeled by the 20-node structural element SOLID95 with the same mesh division. The time interval for each iteration is 0.05 ms. The parameters such as time interval and mesh division in our model are similar to those in the model for the conventional method. In this case, our new method and conventional method are comparable. The calculation was performed on an HP workstation Z800.
Eddy currents crossing between two points (105 mm, 0 mm) and (105 mm, 20 mm) are shown in Fig. 5 . Fig. 6 shows the displacement at points A and B during 0-3 ms without static magnetic field. The displacement results for points A and B are shown in Fig. 7 and Fig. 8 for external magnetic fields B y =0.2 T, 0.4 T, respectively. Compared with experimental data and ANSYS results without coupling shown in Fig. 6 to Fig. 8 , numerical results of our method agree well with the experimental data while ANSYS results without the coupling deviate significantly from the experimental data. This comparison reveals the significance of the magnetic damping effect, especially in the case of large external magnetic fields. Clearly, the deflection in the case of 0.4 T decays faster than that in the case of a smaller field because of the magnetic damping effect. In short, these results show that our method and developed codes are capable of coping with the magnetic damping effect. In addition, the results shown in Fig. 6 to Fig. 8 also illustrate the accuracy of our method when compared with conventional method.
Dynamic response of shallow arch under electromagnetic force
To further verify our method, especially its capability of simulating the magnetic stiffness effect and magnetoelastic buckling problem, the dynamic behavior of a conductive shallow arch subjected to an impulse electromagnetic force (a simplified model of part of VV structure) is calculated. An arch test-piece is set with both ends clamped as shown in Fig. 9 and Fig. 10 for the ANSYS model. The geometrical parameters and material constants of the arch test piece are shown in Table 2 and Table 3 . Electromagnetic force driven by a 100-turn coil with pulse current, as shown in Fig. 11 , will cause large deformation, even buckling of the arch. Outer and inner diameters of this coil are 40 mm and 20 mm, and the coil height is 15 mm. In this case, the distance between the coil and the arch is small (3.8 mm) and thus the perturbation of the magnetic field is large because of the large displacement of the arch. Therefore, the magnetic stiffness effect is considerably significant. The mesh division for the shallow arch is shown in Fig. 10 . Elements SOLID236 and SOLID95 are used to build the electromagnetic model and mechanical model, respectively. The time interval for each iteration is 2×10 −5 s. Numerical results of the eddy current at the center of the arch are shown in Fig. 12 . Results of dynamic response simulation at the center point by linear analysis, nonlinear analysis without coupling, nonlinear analysis with coupling, the results obtained by K. Demachi et al. [14] and experimental data [22] are shown in Fig. 13 . Fig. 13 shows that the results of our nonlinear analysis with coupling agree well with the experimental data, while the results of both linear analysis and nonlinear analysis without coupling greatly deviate from the experimental data. Accordingly, we can draw the conclusion that the nonlinear effect and magnetic stiffness effect are significant when structural displacement is large. More importantly, it demonstrates that our method and developed codes are valid and effective for simulating the magnetic stiffness effect and are more accurate than the magnetic stiffness matrices method given by K. Demachi et al [14] . In the case of the large exciting coil current, large deformation of the arch might lead to buckling behavior. Fig. 14 shows the relation between the coil current and the maximum deflection, depicting the snapthrough buckling behavior. The critical current can be defined as the current at which the maximum deflection becomes half of the arch height. As shown in Table 4 , the critical current predicted by the uncoupling model is lower than that predicted by the coupling model and experimental data. Also, Fig. 14 and Table 4 again demonstrate that the numerical results of our method agree well with the experimental data as well as the results obtained by T. Takagi and coauthors [22] . [22] without tal data [14] method couping 
Discussions
From these two examples, we can figure out that the electromagneto-mechanical coupling effect significantly damps the dynamic response of structures and also increases the critical current prediction in buckling behavior. Failing to consider this coupling effect, we would deviate from the true situation.
In both of these two examples, our new method can achieve better accuracy than the conventional method for similar computational parameters (mesh division and time interval). This improved accuracy of our method is partly due to the ability of our method to simultaneously simulate the magnetic damping effect and magnetic stiffness effect. Moreover, coding could be simplified when compared with the conventional method because motional electromotive force could be automatically taken into account without additional treatment of the velocity term in our method; therefore, it could be easily revised to apply to computation of such complicated systems as tokamak structures.
However, this method could not be considered a computationally economical method. For example, the time to achieve solutions of the typical TEAM Problem 16 is up to 12 hours. In our method, mesh morphing needs to be conducted at each time step. This leads to a big computational burden since mesh morphing and coefficient matrices regenerating are time-consuming. Further studies should be conducted to reduce computational time and to improve computational efficiency.
Conclusion
In this paper, we have developed a new method for the numerical analyses of the electromagnetomechanical coupling dynamic behavior. The method is based on the governing equations for eddy current analysis of deformable bodies in Lagrangian description and staggered load transfer for simulating coupling effect. Without the velocity term in governing equations for eddy currents, our method can avoid the drawbacks of the conventional method. The validity and accuracy of our method and developed codes have been shown by two numerical examples.
As a further work, the method and codes developed here will be updated for analyses of true structures of ITER and other tokamak devices. Starting from the proposed method, a more computationally efficient method might be achieved.
